The dependence of the rescaled equilibration time on different parameters of the field theories with a holographic dual has been investigated in this paper. We consider field theories with nonzero chemical potential at finite temperature which are dual to asymptotically AdS charged black holes. We examine a dynamical probe scalar operator where its dynamics is due to a time-dependent source, quantum quench, or out-of-equilibrium initial condition in field theory with fixed or varying temperature and chemical potential. We observe that the behavior of the scalar operator equilibration time with respect to temperature or chemical potential can not be predicted merely by field theory parameters and depends on how fast the energy is injected into the system. It is shown that in field theories with critical point the rescaled equilibration time is shorter for thermodynamically stable systems. We also observe that the rescaled equilibration time as one approaches the critical point enhances and acquires an infinite slope though its value remains finite. We show that for fast quenches, even though the system is far from equilibrium, the dynamical critical exponent is the same as the one reported for quasi-normal modes in the same background. However for slow quenches the dynamical critical exponent picks up a different value.
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I. INTRODUCTION AND RESULTS
The physical phenomena around us in which we are mostly interested, involve systems out of equilibrium. Therefore, understanding the evolution of such systems towards equilibrium is one of the important physics questions to be addressed. This kind of question can be approached from various directions, perturbative or non-perturbative. If the system is slightly out of equilibrium or near equilibrium methods like linear response theory or coarse-grained view of the system such as hydrodynamics can be applied [1, 2] . These methods deal with this problem in a perturbative way where the amplitude of the force which pushes the system away from equilibrium is small or equivalently, the gradient of the change in physical observables is not large. This question becomes harder to address if the system under study is strongly coupled and far from equilibrium. In such cases, the usual perturbative field theory methods are not applicable and one needs to deal with heavy numerical calculations.
Lack of our knowledge to deal with strongly coupled systems has caused a lot of attention to be paid to gauge/gravity duality [2, 3] . This conjecture duals a theory of classical gravity to a strongly coupled field theory in one less dimension. As a result different problems in strongly coupled gauge theories can be translated to dual ones in gravity theories, including far-from-equilibrium phenomena. For instance thermalization in field theory which generally means evolution of the state from zero temperature to a thermal state corresponds to black hole formation in the bulk gravity dual [2] . A lot of studies have been done in the literature to address different aspects of thermalization, for instance [4] .
An interesting question that needs to be addressed in far from equilibrium systems is how the system reaches its equilibrium state and how different parameters, for instance chemical potential and temperature, can affect this process. A far-from-equilibrium state in field theory can be produced by injecting energy into the system using an external source [5] . One can also study the equilibration process, regardless of the presence of a source, by starting from an initial state which is far from equilibrium [6] . Time-evolution of a far-from-equilibrium system can be probed using different observables such as local or non-local probes.
In order to discuss what we are interested to study in this paper a couple of points should be mentioned. Let's consider the field theory temperature increases from zero to a final value. The time evolution can be probed by local and non-local operators in field theory. On the other hand these operators can have their own dynamics in the probe limit which does not affect the dynamics of the field theory. In the gauge/gravity framework these processes translate to black hole formation and to the dynamics of an external field in the probe limit in the bulk dual. The external field dynamics can involve adding a source or only considering out-of-equilibrium initial states. In other words, in addition to its own dynamics, the external field responds to the change in the temperature and other parameters in the field theory.
In this paper we start with investigating the evolution of a scalar operator expectation value on a far-fromequilibrium or equilibrium state in the presence of nonzero temperature and chemical potential. Their gravity duals correspond to a Vaidya or a static charged black hole, respectively. In the Vaidya background the temperature and charge vary to reach their final values. The far-from-equilibrium state is assumed to be produced by an external probe scalar source or out-of-equilibrium initial condition. If the probe scalar source is nonzero it corresponds to quantum quench in field theory where a parameter such as mass or coupling varies time-dependently from zero to a final value. The probe scalar field in the bulk gravity with m 2 = −3 that we consider in this paper is dual to a scalar operator with conformal dimension ∆ = 3. The interested reader can refer to [7] for more details. We would like to study the dependence of equilibration time on the parameters of the theory, chemical potential and temperature in field theory corresponding to the charge and mass in gravity dual.
Another interesting question to be addressed in this paper is to see whether the equilibration time knows about the phase structure of the field theory under study. In order to investigate this we consider a gravity background which its holographic dual is a field theory with a critical point. We will study the behavior of the equilibration time as the system moves towards the critical point in its phase diagram.
We briefly mention the main results of the paper as follows:
• Studying the dependence of the rescaled equilibration time on the parameters of the theory shows that one can not report a general behavior for it with respect to temperature or the chemical potential. In cases where the probe has its own dynamics the raise or fall in the rescaled equilibration time with respect to field theory parameters depends on the speed of energy injection.
• Interestingly we observe that the rescaled equilibration time, in the field theories we consider here, can be fitted with second order polynomial in dimensionless parameter µ T for various choices of field theory parameters.
• We observe that in field theories with the critical point the rescaled equilibration time of the scalar operator knows whether the field theory parameter µ T belongs to thermodynamically stable configuration. We show that shorter rescaled equilibration time belongs to stable branch of the parameter µ T .
• The rescaled equilibration time remains finite as we move towards the critical point but its slope diverges at the critical point and behaves like (( T at the critical point. We observe that θ depends on whether the quench is fast or slow. We define θ as the dynamical critical exponent following [8] .
• A very intriguing observation is that for fast quenches, even though the system is far from equilibrium, the dynamical critical exponent is very close to 0.5 which is the same as the dynamical critical exponent obtained from the behavior of quasi-normal modes near the critical point in such backgrounds [8] .
II. THE CHARGED BLACK HOLE BACKGROUND
Heavy ion experiments done at LHC, RHIC and future colliders are good examples of producing a medium, called quark-gluon plasma, that is strongly coupled and out of equilibrium [2] . Comparing experimental observations and hydrodynamic simulations suggests that viscosity normalized by entropy density is very small for such plasma and therefore indicates that the plasma is strongly coupled. Another outcome of this comparison is the fact that the plasma thermalizes very fast, by which we mean hydrodynamic equations can describe the dynamic of the system very soon after the collision. Before hydrodynamic equations are applied, the plasma is out of equilibrium and this is the stage we are trying to model and study in this paper. Due to the collision of heavy nuclei in theses experiments the net baryon number is nonzero which corresponds to a nonzero chemical potential although it's very small. Thus in the QCD phase space the plasma is situated in the crossover region, near the temperature axis.
As explained before in order to study such system we use gauge/gravity duality. Since we are interested in studying the effect of field theory parameters such as chemical potential on equilibration in out-of-equilibrium systems we will consider the background with a U (1) gauge field. Due to the presence of a gauge field in the bulk the chemical potential is nonzero.
The background metric that we study is a solution to the following action
where R, F µν and Φ are the Ricci scalar, gauge field strength and the scalar field, respectively. V (Φ) is the scalar potential which one can find its details in [9] . α determines the coupling constant between the gauge and scalar field on the gravity side. If α = 0 we recover the known Einstein-Maxwell-scalar theory. If α = 1 the last term in the action gives the dilaton-Maxwell coupling that appears in the low energy string action in Einstein's frame. The metric in the solution to this action is
where z is the radial coordinate and
Note that m is the mass of the black hole. The relation between the charge of the black hole, q, and its mass is
This solution is asymptotically AdS 5 and its boundary is located at z = 0. The field theory lives on (t, x) where t is v at the boundary. We have set the AdS radius to one. The full solution to the above action involves nontrivial scalar and gauge field which, for more information, the reader can consult [9] . The chemical potential in the field theory, due to the gauge field in the bulk, becomes [9] 
in AdS radius unit. z h is the horizon radius, the largest root of the equation f (z h ) = 0. The Hawking temperature of the black hole is
This background is parametrized by three parameters m, q, b, where the two independent ones in field theory dual are temperature and chemical potential. Since we are interested in studying the thermalization process in field theory, we need to consider the background to be of Vaidya type. This type of the background can be built by replacing f (z) with f (v, z) which translates into exchanging m with mP (v) and q with q P (v). P (v) is the time-dependent function which we choose to be
where β BH specifies at what speed the background changes. In order to explain what the parameter α represents in the field theory we look at the solution to the scalar field Φ
It is known that, according to gauge/gravity duality, the equation of motion for the scalar field in the bulk with appropriate boundary conditions corresponds to β-function of the coupling in field theory [10] . Therefore, regarding the above solution for Φ, α represents different coupling flow directions to the UV fixed point in field theory.
III. DYNAMICAL PROBE AND EQUILIBRATION TIME
As was mentioned before we would like to study the process of equilibration and its response to the parameters introduced in the physical system. The origin of this desire comes from the fact that the quark-gluon plasma produced in heavy ion collisions is out of equilibrium at the very early stages of its evolution. We try to model a system which in some sense can give us some information about the equilibration and how it is affected by parameters relevant to quark-gluon plasma.
A. Set-Up
We consider a probe scalar field in the background, introduced in the previous section, which has its own dynamics and evolves in time. According to the gauge/gravity duality, the near boundary expansion of the scalar field in the bulk gives the source and expectation value of the corresponding scalar operator in the field theory where the expectation value is calculated on an arbitrary state. Since we are interested in the equilibration process, we study the response of a dynamical scalar operator on an equilibrium or out-of-equilibrium state corresponding to charged static or Vaidya black hole background in the gravity dual. The non-trivial response of the scalar operator can be resulted from various time-dependent initial conditions or a time-dependent source.
A scalar field is added to the background in the probe limit and to study its dynamic we solve the corresponding Klein-Gordon equation. We have assumed the mass of the scalar field is m 2 = −3, corresponding to an operator with mass dimension ∆ = 3 in field theory. It needs to be emphasized that this scalar field φ(v, z) should not be confused with the scalar field Φ(z) in the background. The near boundary expansion of the scalar field can be derived in the form
where φ s (v) and φ r (v) are the source and response in field theory, respectively, obtained from the asymptotic expansion of the scalar field in the bulk. The derivatives of these functions are taken with respect to v. We have chosen the time-dependent source in field theory to be
where β φ identifies the speed at which the energy is injected into the field theory. In order to solve the Klein-Gordon equation for the scalar field in the bulk we have to impose appropriate boundary and initial conditions [17] . It is more practical to use the following notation for the scalar field Therefore the appropriate boundary conditions imposed on the scalar field arẽ
To set the proper initial conditions we have to distinguish between zero and nonzero sources. For the case where the source is not zero, the initial condition is
where v 0 is the initial time. We choose v 0 = −20. When the source is zero we choose the initial condition to bẽ
We can generally have different initial conditions as long as they satisfy the near boundary expansion of the scalar field. Solving the equation of motion of the scalar field we will be able to obtainφ r (t = v| z=0 ). This in fact is the response function on the boundary. In the field theory the expectation value of the scalar operator dual to the bulk scalar field is proportional to O(t) ≈ ∂ 2 zφr (t, z) z=0 . Sinceφ r (t) evolves with time in the non-equilibrium situation we define a function as
and t eq is defined as the the time (t eq ) < 5 × 10 −3 and (t) stays below this value afterwards. We conclude this section with two important comments. First, we expect various initial conditions do not alter thermalization time substantially and keep the general behavior unchanged. It can be checked by numerical results. Also the results of the papers [11, 12] approve our expectation. Second, when the scalar source is zero and we are dealing with nonzero initial conditions the final equilibrium scalar response is zero and hence the definition of (t) in equation (15) reduces to (t) = | O(t) |. In order to see this more clearly we have plotted the time evolution of the scalar operator in field theory in figure 1. As one can see in the right plot the expectation value of the scalar operator reaches a nonzero constant value after a while.
B. Numerical Results
In order to study the effect of different physical parameters on the equilibration time, we start with the assumption that the temperature is fixed and the chemical potential varies. Also the coupling flow directions to the UV fixed point changes with the value of α. We choose the temperature to be T = 0.37 and plot the equilibration time with respect to µ T for different values of α, figure 2. One should note that all relevant parameters are measured in units of AdS radius equal to one. It should be emphasized that in this figure we start from the initial out-of-equilibrium states with the initial condition set as in equation (14) . It can be realized from the figure for small values of µ, the equilibration time is independent of α as all different curves coincide. For the range of µ we considered in this paper it seems that the equilibration time is a decreasing function in µ for small values of α. As α reaches the values larger than one, a minimum occurs in the curves and the behavior of the equilibration time reverses. The equilibration time increases afterwards quite rapidly as µ raises. These results confirms the results obtained in [9] for different αs. It FIG. 2 : equilibration of scalar field with initial condition set as z 4 for different values of α, for the static charged background metric (2) should be mentioned that for 0 < α < 1, µ T is a monotonically increasing function of q. As the values of b and q varies from zero to a maximum value, µ T spans the whole range of values from zero to infinity. But for α ≥ 1, µ T is bounded and is no longer a monotonically increasing function of q. It can be seen from figure 2 that for α ≥ 1 the equilibration time reaches a minimal value and the behavior reverses and starts increasing afterwards in a multivalued manner which we have not shown here.
We have also checked the conclusion discussed in previous paragraph for the case where there is a nonzero source for the scalar operator in the boundary. As α increases there will be a minimum value in the equilibration time and it increases afterwards and the behavior observed in figure 2 persists here, too.
As was mentioned before we are interested in studying the equilibration process in field theory. We will consider an out-of-equilibrium state which is produced by time-dependent temperature in field theory and is dual to Vaidya background in the bulk. The scalar probe has dynamics due to its out-of-equilibrium initial condition and the Vaidya background. We have studied the equilibration time in two cases where the final temperature is kept fixed, left plot of figure 3, or the final chemical potential is fixed, right plot of figure 3. Note that in these plots the equilibration time is scaled with the parameter β BH which makes the rescaled equilibration time dimensionless and presents how fast or slow the temperature and chemical potential varies in field theory. In general β 1 (β 1) represents slow (fast) quench. Also note that the numerical coefficient c has been given the numbers specified in plots in order to be able to show all the data points in one figure. All the points in this figure can be fitted with second order polynomials of µ T and in the range of µ T considered the rescaled equilibration time increases with µ T . A difference is where the temperature changes not substantially fast, blue dots in right plot of this figure. Although all the other plots are concave upward, the mentioned plot is concave downward. Also another difference that can be seen is that although the points are all fitted with quadratic equations in µ T but when the chemical potential is kept fixed the change in the rescaled equilibration time is almost linear in contrast to when the temperature remains unchanged especially for very rapid change due to β BH = 0.2. An important point should be highlighted here that having a scalar field in the bulk with m 2 = −3 corresponds to adding a fermionic mass operator in the boundary theory with ∆ = 3. Therefore a new scale in field theory will be introduced. As a result the behavior of the equilibration time with respect to µ T is not necessarily similar for fixed µ and fixed T as we will see in this figure.
Next we have studied the rescaled equilibration time for the case where there is a nonzero source for the scalar field and the background is Vaidya metric. Therefore we can investigate how system equilibrates in rapid and slow energy injections defined by β φ and β BH . We have plotted the results in figure 4 for the cases where final µ or T is kept fixed. The left figure shows the dependence of rescaled equilibration time on µ for different combinations of βs. It can be obviously concluded that the dependence of rescaled equilibration time on chemical potential is rather mild. But if we check it more closely we can extract that for both energy injections being rapid or both slow the rescaled equilibration time increases as the chemical potential is raised. But if the injections are one rapid and one slow the behavior reverses and the slope in rescaled equilibration time is negative. The points to a good approximation fit with the polynomial curves (green curves in the figure) of second order in figure 4 right figure we can see that there are both decreasing and increasing curves of µ T but not with the same combinations of βs. In both plots, right and left, the maximum change in the rescaled equilibration time happens for very rapid injections of energies, both βs small.
From figure 4 one can conclude that the values of βs can not completely determine the increasing or decreasing behavior of rescaled equilibration time with respect to varying µ T . For example in figure 5 we have plotted two of the curves with the same combination of βs in the previous figure, separately and one can clearly see that based on which parameter varies, µ or T , we can have both behaviors.
The results obtained so far can be compared with the previous works on this topic where it is claimed that basically with the raise in chemical potential the rescaled equilibration time increases [13] . We should emphasize that in those works the probe is a local or non-local probe which does not have dynamics on its own. From the discussions, up to here, we can conclude that when the probe dynamically evolves on its own, due to an external source or various initial out-of-equilibrium conditions, one can not generally predict the behavior of the rescaled equilibration time with respect to the temperature or chemical potential. In other words the raise or fall in the rescaled equilibration time depends on the details of the problem considered. Another observation general to all plots is that the rescaled equilibration time behaves like a second order polynomial in µ T . The green curves are the polynomials fitted with the data points.
IV. PROBING THE CRITICAL POINT
So far we have studied how the behavior of equilibration time depends on α, chemical potential and temperature in field theory. An interesting question one might ask is to see whether the response in field theory to an external source understands about the phase structure of the theory. To investigate this problem we consider the background with α = 2. With some field redefinition this is in fact the holographic model of the QCD critical point constructed in [14] . Time-dependent perturbations to this black hole has been studied in [8, 15] . Some of other papers in this context are [16] .
The phase structure of a system can be studied using the behavior of heat capacity at fixed chemical potential and other appropriate thermodynamic quantities. The divergence in some of these quantities indicates the presence of a critical point. More details of the behavior of thermodynamic quantities near the critical point in the field theory dual to this background can be found in [8] and [14] . Since we use a different notation in our paper we review some facts about the phase structure of the solution. To do so we obtain the dependence of the black hole parameters on µ T , the parameter in field theory dual. From the relations (5) and (6) one can see that
where
It's clear that each value of µ T corresponds to two distinct values of bz h which parametrizes stable and unstable branches of solutions as shown in figure 6 , left. This conclusion indicates the existence of phase transition in field theory. One branch of the plot corresponds to thermodynamically stable configurations and the other branch, unstable. This can be checked using the Jacobian, J = ∂(s,ρ) ∂(T,µ) where s and ρ are entropy and charge density, respectively
If the Jacobbian is positive for a set of parameters then the systems corresponding to those are thermodynamically stable [8] . The upper(lower) sign in (16) where µ T = 1.1107. This is in fact the critical point -as the behavior of thermodynamic quantities near this point implies-where these two branches merge and is shown as the black point in figure 6 , left. The question we asked in the beginning of this section can be addressed by checking the behavior of the response in the field theory to the time-dependent source. As discussed earlier in the paper, this is introduced by time-dependent scalar field in the bulk or Vaidya background which produces time-dependent temperature and chemical potential in field theory. We will show that the response in field theory, although a one-point function, knows about the critical point. Following the same calculation done in the previous sections we have plotted the rescaled equilibration time with respect to µ T for two different cases of injecting energy in figure 6 , right. The magenta dashed line in this graph shows the critical point where µ T gets its maximum value. The stable(unstable) branches are presented by blue(red) points. A very interesting observation is that for each value of µ T the rescaled equilibration time for the stable(unstable) branch is smaller(larger). It can be shown that for other cases of energy injection with different values of β φ or β BH the same conclusion can be made. Therefore one can conclude if we are having the information only about the temperature and chemical potential in a strongly coupled gauge theory, the rescaled equilibration time calculated using the bulk gravity dual can distinguish between stable and unstable branches. But we should note that in the unstable case we have fixed the system by hand in order to obtain the equilibration time and in reality an unstable solution can give rise to different physics.
If we look more closely to the plot near the critical point in figure 6 , right, we see that at the critical point, the magenta dashed line, the slope of the figure approaches infinity though the rescaled equilibration time is finite there. This suggests that the slope of the plot for the points near the critical point can be fitted with a function of the form (
where θ is a positive number. In order to check we have plotted the slope in figure 7 in the approximation where we have defined the slope as 
where i represents the ith point in the corresponding data points and t eqs is the rescaled equilibration time, vertical axes in figure 6 , right. In figure 7 we have used the data points of figure 6 , right, in the stable branches. The figure  7 , left(right), corresponds to the slope obtained from the top(bottom) plot in 6, right. Interestingly, as shown in the figures 7, the slope data points can be fitted with the function
shown with the green curves in the figures. It seems that the value of θ depends on the quench being slow or fast. For the fast quench given by β φ = 0.2 we obtain θ = 0.489682 which is very close to 0.5, figure 7 , left, and for slow quench β φ = 5 we get θ = 0.33901, figure 7 . If we compare our result here with the literature we can see the value θ = 0.5 is in fact what is called the dynamical critical exponent obtained from the behavior of scalar quasi-normal modes near the critical point in [8] . It is very appealing that we obtain the same result (with very good approximation) in the response of the system to a time-dependent scalar field in the probe limit. Therefore one can conclude that the response in field theory to a time-dependent source in the fast quench limit, where the source corresponds to a scalar field in the probe limit in the gravity dual, gives the dynamical critical exponent in field theory. In order to clarify more on the result we have obtained, we should point out that ∆ µ T is between 10 −2 and 10 −6 and the value of θ for each subset of data points is reported in table I. For each subset in this table the number of data points are chosen between 20 to 50. 
